This paper investigates the completion of the maximal Op*-algebra L + (D) of (possibly) unbounded operators on a dense domain D in a Hilbert space. It is assumed that D is a Frechet space with respect to the graph topology. Let D + denote the strong dual of D, equipped with the complex conjugate linear structure. It is shown that the completion of L + (D} (endowed with the uniform topology) is the space of continuous linear operators
Non-normable topological *-algebras satisfying various completeness conditions have been studied in several papers (see, e.g., [7, 8, 10, 12, 22, 23, 31, 34] ). However, these conditions are not fulfilled for the maximal *-algebra L + an algebra if D^H. However, it has the structure of an ordered locally convex space with continuous involution and with a partially defined multiplication.
Note that the question wether or not JC(D, D + } is the completion of L + (D) arose in [24] in connection with the study of the time development of thermodynamical systems in quantum statistics. It was explained in [25] that the problem of defining products on £(D, D + } is connected with quantization procedures, if D is the Schwartz space @ of test functions. Our definition of the partial product is more general than that of [24, 25] . However, it is closely related to the product of operators on partial inner product spaces which was defined in [3] . Linear spaces with a partially defined multiplication were previously considered also in [4, 5, 6, 11] . The pattern of the paper is as follows. In Section 2, we recall some definitions, notations, and some known or easy results. In particular, we endow the space £(D, D + } with the topology of uniform convergence on bounded sets.
£(D, D + ) contains both the algebra L + (D} and the algebra C(H, H} which is isomorphic to the algebra of all norm continuous linear operators on H. In Section 3, we define a partial multiplication on JC(D, D + ] which generalizes the familiar multiplication of L + (D) and C(H, H}. Moreover, we give examples
which indicate some of the difficulties connected with the definition of such a partial multiplication. In Section 4, we characterize bounded subsets of D in terms of self-adjoint operators. Some applications of this characterization are given. In Section 5, we prove the existence of special factorizations for several kinds of operators. In Section 6, we show that J7(D, D + ) is the completion of
L*(D).
The study of the space JC(D, D + ] will be continued in [21] . In particular, we show there that X(D 9 D + ] is the second strong dual of its subspace of completely continuous operators. In [20, 33] In particular, the space X and the space of continuous sesquilinear forms, considered in [6] , are isomorphic as linear spaces.
In the sequel, we are concerned with locally convex spaces E fulfilling the condition : Concrete Frechet domains have been investigated, e.g., in [22, 25, 30, 32] . We refer to [1] for the theory of operators in a Hilbert space and to [16, 17] Consider a class R of locally convex spaces E, F, ••• , each of which satisfies condition d) of Section 2. We assume that the following property is satisfied:
For E, F<^$, the intersection Er\F equipped with the topology of the locally convex kernel contains D as a dense linear subspace.
Next we define products with respect to the class S. 
( 1 ) for all ^eD.
To do this, we note that the embeddings of E n r\F n into E n and into F n are continuous if E n r\F n is endowed with the topology of the locally convex kernel. Therefore the restrictions to E n r\F n of R n+l and S n+1 belong to £(E n r\F n , D + ). Since these restrictions coincide on the dense subset D, they coincide everywhere on E n C\F n . Now equation (1) follows from the fact that by assumption. This completes the proof.
Remark. Definition 3.1 is closely related to the definition of products of operators acting on partial inner product spaces, which was given in [3] . If the space D + has the structure of a partial inner product space in the sense of [3] such that (Z) + )*-D, then there is defined a set {V r } of assaying subspaces of D + (see [3] ). In Definition 3.1 one can use the set where each space V r is equipped with its Mackey topology r(V r , Vf). Now, we give an example which shows that it is impossible to omit the condition on $ concerning the density of D in Er\ F. The following proposition collects some consequences of this example.
Proposition 3.3. Let Ddl z be the Schwartz space of rapidly decreasing sequences. There exist locally convex spaces E and F satisfying condition d) of Section 2 and operators T^C(D, E}r\C(D, F), T 2 <=C(E, D^}r\C(F } D + ) such that the following assertion is true:
The 
operator T! defined by is a rank one operator belonging to C(D, E}C\C(D, F).
We define an operator R on E by
S ^n9n = ^l

Since
R is well defined and belongs to £(E, D + ).
Similarly, we obtain an operators Sej7(F, D + ) by the definition
It is easy to see that R<p=S<p for all <p e£>. Therefore R and S are extensions of the same operator, say T 2 , which belongs to 3. In [25] , there is defined a multiplication of certain classes of pairs of operators in -£(<5, <S X ), where <5 r is the space of tempered distribution and <5 is the subspace of test functions. This definition corresponds (but is not equivalent) to our Definition 3.1 in the case that $={<&, V, <5'} and V satisfies some additional conditions. Note that <E> is isomorphic to the space S of rapidly decreasing sequences. The spaces E and F constructed in the proof of Proposition 3.3 are F-domains in the sense of [25] . Therefore the product in the sense of [25] 
Moreover, R(T 1 <p)=((p 1 , ^>^i and S(T 1 (p)=Q
(/).
Therefore it is not possible to define the structure of a partial inner product space on D + in the sense of [3] such that the following condition is satisfied :
If for some A^L + (D) with A^Id and for some g^D + the inequality l<9, gy\^\\A(p\\ is satisfied for all (p^D, then the partial inner product </, g> is defined for all f^D(A) and satisfies the inequality |</, gy\^\\Af\\.
In particular the up-and downward directed set (D a ) of Hilbert spaces, which was defined in [9] (see also [23] ) does not define a structure of a partial inner product space such that the partial inner product </, g> exists for all and
From now on, we restrict ourselves to the class $={D, H, D*}. We repeat the definition of the partial multiplication in this case. 
By Proposition 3.2, this definition is correct
The following two propositions are simple consequences of the definitions and notations introduced above. We therefore omit the details of the proofs. We use the notations (D + ) + =D and H + =H. Proof, First note that upon replacing A by its Friedrichs extension, we can assume that A is self -ad joint. We fix positive numbers e n and e such that The operator R will be constructed such that where (<p n ) is a certain sequence of eigenvectors of B.
Proposition 3.5. Let T 1} ••• , T n be operators such that the product T n° ••• °7\ is defined. Let E Q , ••-, E n be elements of {D, H, D^} such that T 3^C (E^l t Ej). Then
We put A 0 =Q and ^0-0. By induction, we define a real sequence (a n ) and an orthonormal sequence of eigenvectors (pj with B<p n =l n <p n such that the following inequalities are satisfied : (2) and (4) and from the equation where every B n is a self -ad joint unbounded operator, and to apply the preceeding proof to each operator B n 2. The author does not know whether or not R can be choosen to be a partial isometry. But the preceeding proof shows that the following is true: Let s>0 be fixed. Then the operator R in Lemma 3.7 can be choosen such that there exists a partial isometry U with \\U-R\\ <e. Remarks 1. The multiplication R * S, defined in [5] , is not associative. Indeed, it follows from Proposition 3.6 that the operators R, S, T constructed in the preceeding proof satisfy the following conditions : a) S* is a left *-multiplier of T* (in the sense of [5] ) and (S*) * (T*)=0. b) R* is a left ^-multiplier of S* and (/?*) * (S*)=Id*. c) R* is a left ^-multiplier of (S*) * (T*), (/?*) * (S*) is a left *-multiplier of T* and (/?*) * ((S*) * (T*)) *((£*) * (S*)) * (T*). In this section, we obtain special factorizations for several kinds of operators. In particular, these factorizations are useful for the study of the order structure of J7fc. Now we assume that T^O. In this case we define R in a different way. s.n^.cc-^2, ^B«]c2» B ,
Proposition 3.8o // L + (D) contains unbounded operators, then tliers exist elements A, B, R, S, T in X such that the following assertions are satisfied: a) The expressions R°(S°T\ (R°S)°T, S°A, (R°S)°A, B°(R°S) are defined in the sense of Definition 3.4. b) (R°S)'T^R°(S°T
Consequently, the absolutely convex hulls of the order intervals of X^ form a fundamental system of bounded subsets of X.
Proof. According to Proposition 5.1, each operator T^^8 n can be represented as T=A n°R°An whereas ||/?||^1. Now (8) Remark. On JT, the associated bornological topology coincides with the order topology, or equivalently, the ^-topology considered in [6] . It was shown in [32] that this topology is different from the uniform topology, in general. The proof is similar to the proof of Corollary 5.6. We therefore omit the details. § 6. The Density Theorem
Next, we give factorizations for operators in C(D, H] and C(H, D + ).
The main result of this section is the following density theorem which implies that C is dense in X and that X is the completion of L + (D). Let us note that a special case of the following corollary was already formulated in [24] . Proof. L + (D) is dense in X because its subset C is already dense in X by Corollary 6.2. On the other hand, it is well-known that X is complete (see, e.g., [17] We show that CdKera). For TeC 8 , let (a n ) be a sequence such that a n >\\A n *T\\ for all n^N. Since \<T<p ki , ?>* z >l=2 ( -a *  +1+2 -â   2  ( -2A '-2Z) |U4, +1 o for all (k, /)eM((a n )), it follows that w(T)=0.
But Kercy is certainly not dense in X with respect to the order topology because a) is continuous in this topology.
2. The author does not know wether or not L + (D) is uniformly dense in X for non-metrizable complete domains of Op*-algebras. The example in [18, 19] gives a complete non-metrizable domain D for which X(D, D + } is not complete. This was already conjectured in [24] .
